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Abstract 

Flapan, et al [8] showed that every spatial embedding of Kiq, the com- 
plete graph on ten vertices, contains a non-split three-component link {Kiq is 
intrinsically triple-linked). The papers [2] and [7] extended the list of known in- 
trinsically triple-linked graphs in to include several other families of graphs. 
In this paper, we will show that while some of these graphs can be embedded 
3-linklessly in MP^, Kiq is intrinsically triple- linked in RP'^. 

1 Introduction 

Real projective 3-space, MF^, is defined to be the quotient S^/ ~, where ~ is the 
antipodal relation x ~ —x and can be thought of as the disk, D^, with antipodal 
boundary points identified. Projective space has a non-trivial first homology group. 
Hi = Z/2Z. The generator for the group, g, is the cycle originating from the line in 

that runs between the north and south poles. Mroczkowski [12] has shown that 
every knot in MP'^ can be transformed into either the trivial cycle or g by crossing 
changes and generalized Reidemeister moves on an MP^ projection of the knot. Thus, 
there are two non-equivalent unknots in MP^. Cycles that can be "unknotted" into 
a cycle homologous to g will be referred to as 1-homologous cycles. Cycles that can 
be "unknotted" into a trivial cycle will be referred to as 0-homologous cycles. 

A link in MP^ is splittable if one of the components can be contained within a 
sphere, embedded in the space, while the other component remains in the complement 
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of the sphere. Otherwise, the hnk in MP^ is non-split. A non-spht hnk can be formed 
one of three ways in MP^: two 0-homologous cycles, a 0-homo logons cycle with a 
1-homologous cycle, and two 1-homologous cycles. Note: Two disjoint 1-homologous 
cycles will always form a non-split link. Similarly, a non-split triple-link is a non-split 
link of three components. In this paper we will refer to non-split linked cycles as 
linked cycles and an embedding of a graph as linked if it contains a non-split link. 
We will refer to a non-split triple-link as a triple-link and an embedding of a graph 
as triple-linked if it contains a non-split triple-link. 

A graph if is a minor of a graph G ii H can be obtained from G through a series 
of vertex removals, edge removals, or edge contractions. A graph G is minor-minimal 
with respect to a property P if G has property P but no minor of G has property P. 

If G is a graph, define an induced subgraph, G[vi,V2, Vn], of G to be the subgraph 
of G on vertices {vi, V2, Vn} and the set of edges in G with both endpoints in the 

set {Vi,V2, ...,Vn}. 

A graph G is intrinsically linked in M.^ if and only if G contains a non-split link 
in every spatial embedding. We define intrinsically linked in MP^ analogously. It has 
been shown that the complete set of minor-minimal intrinsically linked graphs in M.^ is 
the set of Petersen Family graphs [Hj (including Kq and graphs obtained from Kq by 
A — Y and Y — A exchanges) . However, all Petersen Family graphs except for K^^^ — e 
embed linklessly in MP^ [3]. While [3] characterizes several families of graphs that 
are minor- minimally intrinsically linked in MP^, the complete set of minor-minally 
intrinsically linked graphs in MP^, which is finite due to the result in [13], remains to 
be found. 

A graph G is intrinsically triple-linked in if and only if G contains a non-split 
link of three components in every spatial embedding. We define intrinsically triple- 
linked in MP^ analogously. An embedding is said to be 3-linkless if and only if it does 
not contain a triple-link. 

While Conway, Gordon [1], and Sachs [151 IIS] showed that Kq is intrinsically 
linked in can be linklessly embedded in MP^; it has been shown that 7 is the 

smallest n for which is intrinsically linked in MP^ [3]. In contrast, while 10 was 
shown to be the smallest n for which Kn is intrinsically triple- linked in [5] , we have 
shown that 10 is also the smallest n for which Kn is intrinsically triple- linked in MP^. 
It remains to be shown whether Kiq is minor-minimal with respect to triple-linking 
in MP^. Additionally, we have shown two other intrinsically triple-linked graphs in 

can be embedded without a triple-link in MP^. A complete set of minor-minimal 
intrinsically triple-linked graphs remains to be found, in both and MP^. Such sets 
are finite due to the result in [T3] . 
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2 Intrinsically triple-linked complete graphs on n 
vertices 



We will need the following lemmas: 

Lemma 1. [3] The graphs obtained by removing two edges from Kj and removing 
one edge from K^^^ are intrinsically linked in MP'^. 

Lemma 2. |33 Given a linkless embedding of Kq in M.P^, no subgraph can have 
all 0-homologous cycles. 

We also use the following elementary observation. 

Lemma 3. For every embedding into RP^, K4 has an even number of 1-homologous 
cycles. 

The following lemma was shown true in by Flapan, Naimi, and Pommersheim 
[9] and the proof holds true analogously in MP^. 

Lemma 4. Let G be a graph embedded in MP'^ that contains cycles Gi, G2, G3 and 
G4. Suppose Gi and G4 are disjoint from each other and from G2 and C3 and suppose 
G2 n G3 is a simple path. If lk{Gi, G2) 7^ and IkiC^^G^) 7^ 0, then G contains a 
non-split three- component link. 

The following proposition is not the main result of this paper. However, the proof is 
included because it is concise and since its method does not hold for proving Kiq is 
also triple-linked. 

Proposition 5. The graph Ku is intrinsically triple-linked in RP^. 

Proof. Let G be a complete graph on the vertex set {1,2,3,4,5,6,7,8,9,10,11}. 
Embed G in MP^. Consider G[l, 2, 3, 4, 5, 6, 7]. Since Kj is intrinsically linked in 
MP'^, this subgraph contains a pair of linked cycles that can be reduced to two linked 
3-cycles. Without loss of generality, let Gi = (1,2,3) and G2 = (4,5,6) be the pair 
of linked cycles in G[l, 2, 3, 4, 5, 6, 7]. 

Now consider G[5, 6, 7, 8, 9, 10, 11]. Since K7 is intrinsically linked in MP'^, this 
subgraph contains a pair of linked cycles that can be reduced to two linked 3-cycles. 
In G[5, 6, 7, 8, 9, 10, 11], one cycle must use {^5} and the other cycle must use {vq}, 
or Lemma |4] would apply immediately. Without loss of generality, let C3 = (5, 7, 9) 
and C4 = (6, 8, 10) be the pair of linked cycles in G[5, 6, 7, 8, 9, 10, 11]. 

Consider G[l, 2, 3, 4, 6, 11]. By Lemma[2l G[l, 2, 3, 11] must contain a 1-homologous 
cycle or G[l, 2, 3, 4, 6, 11] contains a pair of linked cycles and Lemma H] applies with C3 
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Figure 1: A projection of a linkless embedding of Kq in MP^. 



and C4. Thus by Lemma El two cycles in A = {(1,2,3), (1,2, 11), (1,3, 11), (2,3, 11)} 
must be 1-homologous 3-cycles. 

Now consider G[6, 7, 8, 9, 10, 11]. By Lemma [21 (^[T, 8,9, 10] must contain a 1- 
homologous cycle or G[6, 7, 8, 9, 10, 11] contains a pair of linked cycles and Lemma H] 
applies with Ci and C2. Thus by LemmaO two cycles in 5 = {(7, 8, 9), (7, 8, 10), (7, 9, 10), (8, 9, 10)} 
must be 1-homologous 3-cycles. 

Since every cycle in A is disjoint from every cycle in S, and at least two cycles in 
each set are 1-homologous, there exists a link using one cycle from A and one cycle 
from B. Lemma H] then applies since every cycle in A shares at least a simple path 
with Ci, and C2 and the cycle from B are disjoint from each other, Ci, and the cycle 
from A. Thus, G contains a triple-link. 

□ 

Proposition 6. If G is Kq embedded in MP'^ and G has two disjoint 0-homologous 
cycles, then G contains a non-split link. 

Proof. Assume G can be embedded so that it has two disjoint 0-homologous cycles 
and so that it does not have a non-split link. Without loss of generality, let (1, 2, 3) and 
(4, 5, 6) be 0-homologous cycles in G. Consider G[l, 2, 3, 4]. Since G is not linked, by 
Lemma[2]and Lemma[3l G[l, 2, 3, 4] must have two 1-homologous cycles. Without loss 
of generality, let (1,2,4) and (1,3,4) be 1-homologous cycles. Similarly, G[2,4, 5,6] 
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must also have two 1-homologous cycles. Since (4, 5,6) is 0-homologous by assumption 
and (2,5,6) is disjoint from (1,3,4), (2,4,5) and (2,4,6) are l-homologous cycles. 
Similarly, G[l, 2, 3, 6] has two 1-homologous cycles. Since (1, 2, 3) is 0-homologous by 
assumption and (1, 3, 6) is disjoint from (2, 4, 5), (1, 2, 6) and (2, 3, 6) are 1-homologous 
cycles or G would contain a pair of linked cycles. Now consider G[l,3,5,6], which 
must also have two 1-homologous cycles by Lemma 2 and Lemma 3. Since (1,3,5) 
is disjoint from (2,4,6), (1,3,6) is disjoint from (2,4,5), and (3,5,6) is disjoint from 
(1, 2, 4), (1, 3, 5), (1, 3, 6), and (3, 5, 6) must be 0-homologous. This forces G[l, 3, 5, 6] 
to contain only 0-homologous cycles, and thus G is linked by El Thus, G cannot have 
two disjoint 0-homologous cycles and not be linked. 

□ 

Proposition 7. Up to ambient isotopy and crossing changes, Figure U\ is the only 
way to linklessly embed Kq in RP^. 

Proof. Let G be a complete graph on the vertex set {1, 2, 3, 4, 5, 6}. Embed G in 

The graph G has a 0-homologous 3-cycle, else G has disjoint 1-homologous cycles 
and is thus linked by Proposition 6. Without loss of generality, let (4, 5, 6) be a 0- 
homologous 3-cycle. Now consider vertices {1, 2, 3}. If (1,2,3) is 0-homologous, G 
is linked; thus, we assume (1,2,3) is a 1-homologous cycle. Mroczkowski [12] showed 
that any cycle can be made into an unknotted 0- or 1-homologous cycle by crossing 
changes, so we can assume after crossing changes and ambient isotopy the embedding 
has a projection as drawn in Figured] (except the edges between the vertices {1, 2, 3} 
and {4, 5, 6} may be more complicated than in the Figure) with vertices {1, 2, 3} on 
the boundary and the edges between them on the boundary. 

We may use ambient isotopy and crossing changes so that edges from {1,2,3} 
to {4, 5, 6} connect in the projection without crossing the boundary of D^. We now 
show that we may connect them, without loss of generality, as depicted in Figure 1. 

If vertex v G {1,2,3}, v must connect to at least one of {4, 5, 6} from and 
to at least one of {4, 5, 6} from vb, else there would be a 0-homologous K4 and G 
would be linked by Lemma 2. Without loss of generality, assume V2 connects to 
and vq from V2g and to from t>2^ . 

If Vi connects to and Vq from Vig, then G[l, 2, 4, 6] is a 0-homologous K4 and G 
is linked by Lemma 2. Thus, Vi connects to either V4 or Vq from Vi^ and connects to 
the other from vi^. Without loss of generality, let vig connect to W4; so, vi^ connects 
to Vq. If fi^ connects to W5, then either v^^ or must connect to both V5 and vq 
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Figure 2: A signed linkless embedding of in MP'^. 



and the other to W4, else G has a 0-homologous Without loss of generality, let 
connect to and vq and connect to v^. Then, (1,2,5) and (3,4,6) are disjoint 
1-homologous cycles so G is linked. Thus, v^^ connects to ^5. Now, if ^3^ connects to 
either and fg or and Vq, then G has a 0-homologous and is linked by Lemma 
2. So, ^3^ must connect to fg and ^3^ must connect to and ^5. 

□ 

Signed graphs, that is, graphs with each edge assigned a + or a — sign, have 
been studied extensively and were first introduced by Harary [10], see also [l7j. An 
embedding of a graph G into MP^ induces a signed graph of G as follows: deform 
the embedding so that no vertices touch the line at infinity and all intersections of 
edges with the line at infinity are transverse. Assign + edges to be edges that hit the 
boundary an even number of times and — edges to be edges that hit the boundary 
an odd number of times. If a cycle has an odd number of — edges, then the cycle 
is 1-homologous. Two embeddings, Gi and G21 of a graph G are crossing-change 
equivalent if and only if Gi can be obtained from G2 by crossing changes and ambient 
isotopy. Thus, by Proposition 7, a linkless is crossing-change equivalent to the 
embedding in Figure [3 That is, (1,2), (1,3), (2,3), (1,4), (2,5), and (3,6) are - 
edges, and the other nine edges are + edges. 

Theorem 8. The graph Kiq is intrinsically triple-linked in MP'^. 

Proof. Let G be a graph isomorphic to Kiq on the vertex set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. 
Embed G in MP^. Assume the embedding is 3-linkless. 

If every subgraph of G isomorphic to Kq is linked, then Flapan, Naimi, and 
Pommersheim's proof [9] that Kio is intrinsically linked in nearly works, except 
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they do use the fact that is intrinsically linked at the very end and -R's^a.i is 

not intrinsically linked in MP^. Bowlin-Foisy [2], however, modify [9] slightly so that 
only the fact that Kq is intrinsically linked is needed. Thus, in the case that every 
subgraph of G isomorphic to Kq is linked, then G is triple-linked. So we may assume 
there exists a linkless Kq subgraph in G. Without loss of generality, assume this 
linkless Kq is on vertices {1, 2, 3, 4, 5, 6}. By Proposition 7, this Kq has an embedding 
crossing-change equivalent to that in drawn in Figure [2l 

Claim: The embedded induced subgraph G [7, 8, 9, 10] is 0-homologous. 

Proof. Assume G[7, 8, 9, 10] has a 1-homologous cycle. Without loss of generality, 
let (7,8,9) be a 1-homologous cycle. Now consider G[4, 5,6, 10]. If G[4,5,6,10] is 
not 0-homologous, then two of (4,5,10), (4,6,10), and (5,6,10) are 1-homologous 
by Lemma [31 Then (1,2,3), (7,8,9), and a cycle from G[4, 5,6, 10] comprise three 
disjoint 1-homologous cycles, so G is triple-linked. Thus, G[A, 5, 6, 10] is 0-homologous 
and so G[l, 2, 4, 5, 6, 10] has a pair of linked cycles by Lemma [2l Since (7, 8, 9) is 1- 
homologous, and (7, 8, 9) is disjoint from all the 1-homologous cycles in the second 
column of Table 1, Lemma H] applies and G has a triple-link. Thus, G[7, 8,9, 10] is 
0-homologous. 



Possible Linked 
Cycles in G[l, 2, 4, 5, 6, 10] 


1-Homologous Cycle that 
shares an edge with a linked cycle 


(1,2,4), (5,6,10) 


(1,2,3) 


(1,2,5), (4,6,10) 


(1,2,3) 


(1,2,6), (4,5,10) 


(1,2,3) 


(1,2,10), (4,5,6) 


(1,2,3) 


(1,4,5), (2,6,10) 


(1,3,5) 


(1,4,6), (2,5,10) 


(1,4,6) 


(1,4,10), (2,5,6) 


(2,5,6) 


(1,5,6), (2,4,10) 


(1,3,5) 


(1,5,10), (2,4,6) 


(1,3,5) 


(1,6,10), (2,4,5) 


(2,4,5) 



Table 1. 

□ 

Since G[7, 8, 9, 10] is 0-homologous, we may assume all edges in G[7, 8, 9, 10] are 
+ edges. The edges in G[l, 2, 3, 4, 5, 6] are -|- and — edges as defined in Figure O The 
following arguments will use this modified embedding of G, however, since ambient 
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isotopy and crossing changes do not change the homology of the cycles, the linking 
arguments will still hold for the original embedding. Similar to the argument high- 
lighted in Table 1, many of the following arguments rely on Kq subgraphs of G that 
must have a pair of linked cycles. The modified embedding may have a different pair 
of linked cycles in the subgraph than in the original embedding, however a pair of 
linked cycles still exists and the argument does not rely on which cycles are linked. 
We now consider the signs of the edges connecting 2, 3, 4, 5, 6] to G\l, 8, 9, 10]. 

Claim: If w G {1, 2, 3}, then edges from v to G[7, 8, 9, 10] must all be + edges or 
all — edges. 

Proof. Assume vertex vi does not connect by all + edges or all — edges to G\l, 8, 9, 10]. 
Without loss of generality, let (1, 7) be a + edge and (1, 8) be a — edge. Then, (1, 7, 8) 
is a 1-homologous cycle. Consider G[3, 4, 6, 9]. Since (3, 4, 6) is a 1-homologous cycle, 
^[3,4, 6,9] must have another 1-homologous cycle by Lemma [3l If (3,4,9) is 1- 
homologous, then (1,7,8), (2,5,6), and (3,4,9) form three disjoint 1-homologous 
cycles, so G is triple-linked. If (3,6,9) is 1-homologous, then (1,7,8), (2,4,5), and 
(3, 6, 9) form three disjoint 1-homologous cycles, so G is triple-linked. Thus, (4, 6, 9) 
is a 1-homologous cycle. 

Now consider G[2, 3, 4, 9]. Since (2, 3, 4) is a 1-homologous cycle, (j[2, 3, 4, 9] must 
have another 1-homologous cycle by Lemma [31 If (3, 4, 9) is 1-homologous, then 
(1, 7, 8), (2, 5, 6), and (3, 4, 9) form three disjoint 1-homologous cycles, so G is triple- 
linked. If (2,4,9) is 1-homologous, then (1,7,8), (2,4,9), and (3,5,6) form three 
disjoint 1-homologous cycles, so G is triple-linked. Thus, (2, 3, 9) is a 1-homologous 
cycle. 

Similarly, consider G[3, 5, 6, 9]. Since (3, 5, 6) is a 1-homologous cycle, ^[3, 5, 6, 9] 
must have another 1-homologous cycle by Lemma [31 If (3, 6, 9) is 1-homologous, then 
(1, 7, 8), (2, 4, 5), and (3, 6, 9) form three disjoint 1-homologous cycles, so G is triple- 
linked. If (5,6,9) is 1-homologous, then (1,7,8), (2,3,4), and (5,6,9) form three 
disjoint 1-homologous cycles, so G is triple-linked. Thus, (3, 5, 9) is a 1-homologous 
cycle. 

Since (1, 7, 8) and (4, 6, 9) are 1-homologous, Gp, 3, 5, 10] is 0-homologous or else 
there are three disjoint 1-homologous cycles. Thus, G[2, 3, 4, 5, 6, 10] has a pair of 
linked cycles by Lemma [2l Since (1,7,8) is 1-homologous, and (1,7,8) is disjoint 
from all the 1-homologous cycles in the second column of Table 2, Lemma [H applies 
and G has a pair of links. Thus, vertex vi must have all + edges or all — edges to 
G [7, 8, 9, 10]. Similar reasoning applies to vertices V2 and ^3. 
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Possible Linked 
Cycles in G[2, 3, 4, 5, 6, 10] 


1-Homologous Cycle that 
shares an edge with a linked cycle 


(2,3,4), (5,6,10) 


(2,3,4) 


2,3,5 , 4,6,10 


(4,6,9) 


(2,3,6), (4,5, 10) 


2,3,9 


(2,3,10), (4,5,6) 


(2,3,9) 


(2,4,5), (3,6,10) 


(2,4,5) 


(2,4,6), (3,5,10) 


(4,6,9) 


(2,4,10), (3,5,6) 


(3,5,9) 


(2,5,6), (3,4,10) 


(2,5,6) 


(2,5,10), (3,4,6) 


(4,6,9) 


(2,6,10), (3,4,5) 


(3,5,9) 



Table 2. 



Claim: If w G {4, 5, 6}, then edges from v to G[7, 8, 9, 10] must all be + edges or 
all — edges. 

Proof. Assume vertex does not have all + edges or all — edges to G[7, 8,9, 10]. 
Without loss of generality, let (4, 7) be a + edge and (4, 8) be a — edge. Then, (4, 7, 8) 
is a 1-homologous cycle. Consider G[l, 2, 3, 9]. Since (1, 2, 3) is a 1-homologous cycle, 
^[1,2,3,9] must have another 1-homologous cycle by Lemma [31 If (1,3,9) is 1- 
homologous, then (1,3,9), (2,5,6), and (4,7,8) form three disjoint 1-homologous 
cycles, so G is triple-linked. If (1,2,9) is 1-homologous, then (1,2,9), (3,5,6), and 
(4, 7, 8) form three disjoint 1-homologous cycles, so G is triple-linked. Thus, (2, 3, 9) 
is a 1-homologous cycle. 

Now consider G[2, 5, 6, 9]. Since (2, 5, 6) is a 1-homologous cycle, G[2, 5, 6, 9] must 
have another 1-homologous cycle by Lemma [31 If (2, 6, 9) is 1-homologous, then 
(1, 3, 5), (2, 6, 9), and (4, 7, 8) form three disjoint 1-homologous cycles, so G is triple- 
linked. If (5,6,9) is 1-homologous, then (1,2,3), (4,7,8), and (5,6,9) form three 
disjoint 1-homologous cycles, so G is triple-linked. Thus, (5, 6, 9) is a 1-homologous 
cycle. 

Since (2, 3, 9) and (4, 7, 8) are 1-homologous, ^[1, 5, 6, 10] is 0-homologous or else 
there are three disjoint 1-homologous cycles. Thus, by Lemma [21 Gfl, 2, 3, 5, 6, 10] 
has a pair of linked cycles. Since (4, 7, 8) is 1-homologous, and (4, 7, 8) is disjoint 
from all the 1-homologous cycles in the second column of Table 3, Lemma [H applies 
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and G has a pair of links. Thus, vertex v^^ must have all + edges or all — edges to 
G[7, 8, 9, 10]. Similarly, vertices and Vq must have all + edges or all — edges to 
G[7,8,9,10]. 



Possible Linked 
Cycles in G[l, 2, 3, 5, 6, 10] 


1-Homologous Cycle that 
shares an edge with a linked cycle 


(1,2,3), (5,6,10) 


(1,2,3) 


(1,2,5), (3,6,10) 


(2,5,9) 


(1,2,6), (3,5,10) 


(1,2,6) 


(1,2,10), (3,5,6) 


(3,5,6) 


(1,3,5), (2,6,10) 


(1,3,5) 


(1,3,6), (2,5,10) 


(2,5,9) 


(1,3,10), (2,5,6) 


(2,5,9) 


(1,5,6), (2,3,10) 


(2,3,9) 


(1,5,10), (2,3,6) 


(2,3,9) 


(1,6,10), (2,3,5) 


(2,3,9) 



Table 3. 

□ 

Since each vertex in ^[1, 2, 3, 4, 5, 6] has either all + edges or all — edges to 
G[7, 8, 9, 10], there are 2^ possible embedding classes, given our restrictions on how 
G[l, 2, 3, 4, 5, 6] and (^[7, 8,9, 10] are embedded. We consider all the cases. Note: If 
vertex t^i connects to G[7, 8, 9, 10] with all + edges, we write else we write vi-. 

Consider the embedding of G with vi+ and 1^4+. 

If we have one of the following embeddings: '^3+, '^5+, and ^6+; "^2+, "Ws-, '^5+, 
and vq-] V2-, vs+, and vq+; V2-, W3-, and we-, then (1,4,7), (2,5,8), and 
(3, 6, 9) form three disjoint 1-homologous cycles, so G has a triple-link. 

If we have one of the following embeddings: V2+, W3+, f5+, and Wg-i "^^2+, i'3+, I's-, 
and f6+; ^2-, '^3-, I's-, and Vq+; V2-, U3-, ^5+, and Vq_, then (1,4,7), (2,3,8), and 
(5, 6, 9) form three disjoint 1-homologous cycles, so G has a triple-link. 

If we have one of the following embeddings: V2+, W3+, W5-, and we-; V2-, W3-, W5+, 
and then (1,4,7), (2,6,8), and (3,5,9) form three disjoint 1-homologous cycles, 
so G has a triple-link. 

If the embedding is V2-, f3+, ^5+, t'e-, since (1, 4, 7) and (5, 6, 8) are 1-homologous 
cycles, G[2, 3, 9, 10] must be 0-homologous or G is triple-linked, so, by Lemma [21 
G[l, 2, 3, 4, 9, 10] has a pair of hnks in this embedding class. Since (5,6,8) is 1- 
homologous, and (5, 6, 8) is disjoint from all the 1-homologous cycles in the second 
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column of Table 4, Lemma H] applies and G has a pair of links. If the embedding is 
V2+, fs-, W5-, vq+, G is linked by a similar argument. 



Possible Linked 
Cycles in 2, 3, 4, 9, 10] 


1-Homologous Cycle that 
shares an edge with a linked cycle 


(1,2,3), (4,9,10) 


(1,2,3) 


(1,2,4), (3,9,10) 


(1,4,7) 


(1,2,9), (3,4,10) 


(1,2,7) 


(1,2,10), (3,4,9) 


(1,2,7) 


(1,3,4), (2,9,10) 


(1,4,7) 


(1,3,9), (2,4,10) 


(1,3,7) 


(1,3,10), (2,4,9) 


(1,3,7) 


(1,4,9), (2,3,10) 


(1,4,7) 


(1,4,10), (2,3,9) 


(1,4,7) 


(1,9,10), (2,3,4) 


(2,3,4) 



Table 4. 



If the embedding is V2+, V3-, and vq+, since G[7, 8, 9, 10] is 0-homologous, by 
Lemma [21 (^[l, 4, 7, 8, 9, 10] has a pair of links. Since (3,5,6) is 1-homologous, and 
(3, 5, 6) is disjoint from all the 1-homologous cycles in the second column of Table 5, 
Lemma m applies and G has a pair of links. If we have one of the following embeddings: 
V2-, W3+, V5_, and ^6-; f2+, I's-, I's-, and Ve_; V2-, '^5+, and ^6+, then G is linked 
by a similar argument. 



Possible Linked 
Cycles in ^[1,4, 7,8,9,10] 


1-Homologous Cycle that 
shares an edge with a linked cycle 


(1,4,7), (8,9,10) 


(1,4,7) 


(1,4,8), (7,9,10) 


(1,4,8) 


(1,4,9), (7,8,10) 


(1,4,9) 


(1,4,10), (7,8,9) 


(1,4,10) 


(1,7,8), (4,9,10) 


(1,2,7) 


(1,7,9), (4,8,10) 


(1,2,7) 


(1,7,10), (4,8,9) 


(1,2,7) 


(1,8,9), (4,7,10) 


(1,2,8) 


(1,8,10), (4,7,9) 


(1,2,8) 


(1,9,10), (4,7,8) 


(1,2,9) 



Table 5. 



This list exhausts the possible embeddings if both we have both wi+ and The 
same arguement holds if the embedding is vi_ and W4_. Thus, we can now assume 
the edges from vi and V4 to G[7, 8, 9, 10] have different signs. 

Consider the embedding of G with fi+ and V4-. We can assume that the pairs 
{3,6}, and {2,5} have different signs or the same arguments for Vi and V4 with the 
same sign holds from above. 

If the embedding is V2+, ^5-, and Ug-, then (1,6,7), (3,5,8), and (2,4,9) 
form three 1-homologous cycles, so G has a triple-link. 

If the embedding is V2+, fs-, ^5-, and vq+, since G[7, 8, 9, 10] is 0-homologous, by 
Lemma [21 G[4, 6, 7, 8, 9, 10] has a pair of links. Since (1, 2, 3) is 1-homologous, and 
(1, 2, 3) is disjoint from all the 1-homologous cycles in the second column of Table 6, 
Lemma m applies and G has a pair of links. A similar argument holds if the embedding 
is V2-, V3+, and ve_. 



Possible Linked 
Cycles in ^[4, 6, 7, 8, 9, 10] 


1-Homologous Cycle that 
shares an edge with a linked cycle 


(4,6,7), (8,9,10) 


(4,6,7) 


(4,6,8), (7,9,10) 


(4,6,8) 


(4,6,9), (7,8,10) 


(4,6,9) 


(4,6,10), (7,8,9) 


(4,6,10) 


(4,7,8), (6,9,10) 


(5,6,9) 


(4,7,9), (6,8,10) 


(5,6,8) 


(4,7,10), (6,8,9) 


(5,6,8) 


(4,8,9), (6,7,10) 


(5,6,7) 


(4,8,10), (6,7,9) 


(5,6,7) 


(4,9,10), (6,7,8) 


(5,6,7) 



Table 6. 



If the embedding is V2-, V3-, W5+, and ^6+, since G[7, 8, 9, 10] is 0-homologous, by 
Lemma [21 G[4, 6, 7, 8, 9, 10] has a pair of links. Since (1, 2, 3) is 1-homologous, and 
(1, 2, 3) is disjoint from all the 1-homologous cycles in the second column of Table 7, 
Lemma [H applies and G has a pair of links. 
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Possible Linked 
Cycles in G[4, 6, 7, 8, 9, 10] 


1-Homologous Cycle that 
shares an edge with a linked cycle 


(4,6,7), (8,9,10) 


(4,6,7) 


(4,6,8), (7,9,10) 


(4,6,8) 


4,6,9 , 7,8,10 

V 7 J /J \ J 7 / 


4,6,9 


(4,6,10), (7,8,9) 


(4,6,10) 


(4,7,8), (6,9,10) 


(4,5,7) 


(4,7,9), (6,8,10) 


(4,5,7) 


(4,7,10), (6,8,9) 


(4,5,7) 


(4,8,9), (6,7,10) 


(4,5,8) 


(4,8,10), (6,7,9) 


(4,5,8) 


(4,9,10), (6,7,8) 


(4,5,9) 



Table 7. 



This list exhausts the possible embeddings with vi+ and V4-. The same argument 
holds for the embedding has fi_ and V4+. Thus, in every embedding of G in MP^, G 
has a triple-link. 

□ 

Flapan, Naimi, and Pommersheim [9] showed that Kg can be embedded 3-linklessly 
in M.^, and so Kg can be embedded 3-linklessly in MP^. Thus, 10 is the smallest n for 
which Kn is intrinsically triple-linked in MP^. 

3 Other intrinsically triple-linked graphs in MP^ 

Proposition 9. A graph composed of n disjoint copies of an intrinsically n-linked 
graph in M'^ is intrinsically n-linked in MP^. In particular, three disjoint copies of 
intrinsically triple-linked graphs in are intrinsically triple-linked in MP^ 

Proof. If any of the three copies of the graph has all 0-homologous cycles, then it 
is crossing-change equivalent to a spatial embedding, and thus triple-linked, as its 
disjoint cycle pairs would have the same linking numbers as a spatial embedding. 
Else, all three copies have at least one 1-homologous cycle. Then we have three 
disjoint 1-homologous cycles, and thus have a triple-link. □ 

As shown above, Kiq is an example of a one-component graph that is intrinsically 
triple-linked in M^. In the following section, we will exhibit two examples of minor- 
minimal intrinsically triple-linked graphs, each comprised of two components, that 
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Figure 3: A 3-linkless embedding of Kq connected to Kq along a 6-cycle in RP^. 



are intrinsically triple-linked in M^. The question remains whether there exists a 
minor-minimal intrinsically triple-linked graph of three components in MP^. 

We will use the following theorem: 

Theorem 10. [2] Let G he a graph containing two disjoint graphs from the Petersen 
family, Gi and G2 as subgraphs. If there are edges between the two subgraphs Gi and 
G2 such that the edges form a 6-cycle with vertices that alternate between Gi andG2, 
then G is minor-minimal intrinsically triple-linked in M? . 

If Gi and G2 are isomorphic to Kq, this result does not hold in MP^, as seen in 
Figure [31 

Proposition 11. If Gi and G2 are disjoint copies of Kq connected to Kq along a 
6-cycle with vertices that alternate between the copies of Kq, then G = Gi L\ G2 is 
minor-minimal intrinsically triple-linked in MP"^. 

Proof. Embed G in MP^. If Gi or G2 has all 0-homologous cycles, G will have a triple- 
link since Kq connected to Kq along a 6-cycle with vertices that alternate between 
the copies of Kq is triple-linked in M^. Thus, Gi and G2 each have a 1-homologous 
cycle. Let Gi be a graph on the vertex set {1,2,3,4,5,6, A, B,C, D, E, F} where 
G[l, 2, 3, 4, 5, 6] and G[A, B, G, D, E, F] are the copies of Kq and the connecting edges 
are (4,^4), (4, C), (5,^4), (5,P), (6,P), and (6, C). Up to isomorphsim, there are five 
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3-cycle equivalence classes in Gi. Consider S = {(1, 2, 3), (1, 2, 4), (1, 4, 5), (4, 5, 6), (4, 5, 
which contains one representative from each 3-cycle class. We assume, without loss 
of generality, one cycle in 5* is 1-homologous. 

Consider G[A, B, C, D, E, F]. If there is a one homologous cycle in G[B, C, E, F] 
then this cycle will link with the cycle in S that is 1-homologous. Since the cycle 
from S links with the 1-homologous cycle in G2, we have a triple-link in G. Thus, we 
assume every cycle in G[B,G,E,F] is 0-homologous and so G[A, B,G, D, E, F] has 
a pair of linked cycles. By the pigeon-hole principle, at least two edges connecting 
vertices from the set {A, B, C} are in a linked cycle in G[A, B, C, D, E, F], so, without 
loss of generality, we may assume and vb are in one cycle. If the 1-homologous 
cycle is in the subset 5*1 = {(1, 2, 3), (1, 2, 4), (1, 4, 5), (4, 5, 6)}, then there are disjoint 
edges from the 6-cycle that connect the cycle from to the cycle containing and 
Vb- So, by Lemma HI G has a triple-link. 

If {4,5, A) is the 1-homologous cycle, consider G[l, 2, 3, 4, 5, 6]. If there is a one 
homologous cycle in G'[l,2,3,6] then this cycle will link with (4,5,^1) and the 1- 
homologous cycle in G2, so G will have a triple-link. Else, G[l, 2, 3, 4, 5, 6] has a pair 
of linked cycles. By the pigeon-hole principle, at least two vertices in the set {4, 5, 6} 
are in a linked cycle within the embedding of one copy of Kq. Similarly, at least two 
vertices of {A, B, G} are in a linked cycle in the other copy of Kq. As a result of the 
6-cycle, there are two disjoint edges between the cycles and Lemma H] then applies 
and G is triple-linked. 

To see G is minor- minimal with respect to intrinsic triple-linking in MP^, embed 
G so that Gi is embedded as in the drawing in Figure [3] and G2 is contained in a 
sphere that lies in the complement of Gi. Therefore, Gi does not have any triple-links 
and no cycle in Gi is linked with a cycle in G2- Without loss of generality, if we delete 
an edge, contract an edge or delete any vertex on G2, it will have an affine linkless 
embedding. Thus, we can re-embed G2 within the sphere in each case. Thus, G is 
minor-minimal for intrinsic triple-linking. 

□ 

Theorem 12. [2] Let G be a graph formed by identifying an edge of Kj with an edge 
from another copy of Kj. Then G is intrinsically triple-linked in M^. 

If G is isomorphic to Kj connected to along an edge, this result does not hold 
in MP^, as seen in Figure HI 

We will need the following lemma: 
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Figure 4: A 3-linkless embedding of Kj connected to Kj along an edge in MP^. 



Lemma 13. [3] Let P he a Petersen- family graph and v he a vertex of P. If every 
cycle of P\ {v} is 0-homologous in an embedding f : P ^ MP^, then f{P) contains 
a non-trivial link. 

Proposition 14. // Gi and G2 are disjoint copies of Kj connected to Kj along an 
edge, then G = GiU G2 is intrinsically triple-linked in MP^. 

Proof. If Gi or G2 have all 0-liomologous cycles, G will have a triple-link since K-j 
connected to Kj along an edge is triple-linked in M?. Thus, Gi and G2 each have a 1- 
homologous cycle. Let Gi be a graph on the vertex set {1, 2, 3, 4, 5, 6, 7, A, B, G, D, E} 
where G[l, 2, 3, 4, 5, 6, 7] and G[6, 7, A, B, G, D, E] are the copies of Ky and the con- 
necting edge is (6, 7). Up to isomorphsim, there are three 3-cycle equivalence classes 
in Gi. We consider 5 = {(1, 2, 3), (1, 2, 7), (1, 6, 7)}, which contains one representative 
from each 3-cycle class. We can assume, without loss of generality, at least one cycle 
of S is 1-homologous. 

Case 1: Let (1, 2, 3) be a 1-homologous cycle in Gi. Then (1, 2, 3) links with the 
1-homologous cycle in G2. Consider G[A, P, C, P, P, 6]. If G[A, P, G, D, P, 6] has a 
1-homologous cycle, then there are three disjoint 1-homologous cycles, so we assume 
G[A, B,G, D, E,6] must be 0-homologous and so G[A, B,G, D, E,6] has a pair of 
linked cycles. Lemma H] applies with connecting to the cycle that uses Vq, following 
the proof in [2]. 

Case 2: Let (1,2,7) be a 1-homologous cycle in Gi. (1,2,7) links with the 1- 
homologous cycle in G2. Consider P, C, P, P, 6]. If G[A, B,G, D, E,6] has a 
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1-homologous cycle, then there are three disjoint 1-homologous cycles, so we assume 
G[A, B,C, D, E,6] must be 0-homologous and so G[A, B,C, D, E,6] has a pair of 
linked cycles. Lemma H] applies with V7 connecting to the cycle that uses vq, following 
the proof in [2]. 

Case 3: Let (1,7,6) be a 1-homologous cycle in Gi. (1,7,6) links with the 
1-homologous cycle in Consider G[A, B,G, D, E,6]. If G[A, B,G, D, E] has a 
1-homologous cycle, then there are three disjoint 1-homologous cycles, so we assume 
G[A, B, C, D, E] must be 0-homologous. Then, by Lemma [131 G[A, B, C, D, E, 6] has 
a pair of linked cycles. Lemma H] applies with V7 connecting to the cycle with vq, 
following the proof in [2]. 

□ 

We note that if connected to A'7 along an edge is minor-minimal with respect to 
triple-linking in M^, then we would also have that two disjoint copies of connected 
to K7 along an edge is minor- minimal intrinsically triple- linked in MP^. However, the 
minor- minimality of this graph is still unknown in M^. 

We also note that G{n), as defined in [7], is a one-component minor-minimal 
intrinsically (n + l)-linked graph in RP^, by the same arguement given in [7], since 
— e is intrinsically linked in both and MP^. 

4 Graphs with hnking number > 1 in MP^ 

In MP^, there are intrinsically linked graphs for which there exists an embedding in 
which every pair of disjoint cycles has linking number less than 1. Work has been 
done in to find graphs containing disjoint cycles with large linking number in every 
spatial embedding. Using the fact that Kio is triple-linked in M^, Flapan [6] showed 
that every spatial embedding of Kiq contains a two-component link LU J such that, 
for some orientation, lk{L, J) > 2. A similar argument using Theorem 8 yields the 
following proposition. 

Proposition 15. Every projective embedding of Kiq contains a two- component link 
LU J such that, for some orientation, lk{L, J) > 1. 

It remains an open question to determine if 10 is that smallest number for which 
this property holds. At this point, we know the smallest n is such that 7 < n < 10. 



17 



References 

[1] C. Adams, The Knot Book, American Mathematical Society, Providence, RI, 
2004. 

[2] G. Bowlin and J. Foisy, Some new intrinsically 3-linked graphs, J. Knot Theory 
Ramifications, 13, no. 8 (2004), 1021-1027. 

[3] J. Bustamante, J. Federman, J. Foisy, K. Kozai, K. Matthews, K. McNa- 
mara, E. Stark, and K. Trickey, Intrinsically linked graphs in projective space, 
larXiv:0809.0454v l. 

[4] J. H. Conway and C. McA. Gordon, Knots and links in spatial graphs, J. Graph 
Theory, 7, no. 4 (1983), 445-453. 

[5] R. Diestel, Graph Theory, Springer- Verlag Inc., New York, NY, 1997. 

[6] E. Flapan, Intrinsic knotting and linking of complete graphs. Algebraic & Geo- 
metric Topology, 2 (2002), 371-380. 

[7] E. Flapan, J. Foisy, R. Naimi, J. Pommersheim, Intrinsically n-linked graphs, 
J. Knot Theory Ramifications 10, no. 8 (2001), 1143-1154. 

[8] E. Flapan, H. Howards, D. Lawrence, B. Mellor, Intrinsic linking and knotting 
of graphs in arbitrary 3-manifolds, Algebraic and Geometric Number Topology 
6 (2006), 1025-1035. 

[9] E, Flapan, R.Naimi and J. Pommersheim, J. Intrinsically triple-linked complete 
graphs. Top. App., 115 (2001), 239-246. 

[10] F. Harary, On the notion of balance of a signed graph, Michigan Math J., 2 
(1953-54), 143-146 (1955). 

[11] R. Motwani, A. Raghunathan, and H. Saran, Constructive results from graph 
minors: Linkless embeddings, 29th Annual Symposium on Foundations of Com- 
puter Science, IEEE, 1988, pp. 398-409. 

[12] M. Mroczkowski, Diagrammatic unknotting of knots and links in the projective 
space, J. Knot Theory and Its Ramifications, 12 (2003), 637-651. 

[13] N. Robertson and P. Seymour, Graph minors XX. Wagner's Conjecture, J. 
Combin Theory Ser B, 92, no. 2 (2004), 325-357. 

[14] N. Robertson, P. Seymour, and R. Thomas, Sachs' linkless embedding conjecture, 
J. Combin. Theory Ser. B, 64, no. 2 (1995), 185-227. 



18 



[15] H. Sachs, On spatial representation of finite graphs, (Proceedings of a conference 
held in Lagow, February 10-13, 1981, Poland), Lecture Notes in Math., 1018, 
Springer- Ver lag, Berlin, Heidelberg, New York, and Tokyo (1983). 

[16] H. Sachs, On spatial representations of finite graphs, finite and infinite sets, (A. 
Hajnal, L. Lovasz, and V. T. Sos, eds), coUoq. Math. Soc. Janos Bolyai, vol. 
37, North-Holland, Budapest, (1984), 649-662. 

[17] T. Zaslavsky, The projective-planar signed graphs. Discrete Math. 113 (1993), 
233-247. 



19 



